Solution to Homework 2, MMAT5000

by YU, Rongfeng

1. Solution:

(a)

For any € > 0, 3 § = min{-%, 1} such that if

£
16>

I(z,y) — (1, =4)| = V(z = 1)2 + (y + 4)> < §,
we have

2y + 4] = |2%y —y + y + 4|
< |2y —y| + |y +4]
<lz+ 1|yl - |z — 1|+ |y + 4]

Notice that

=1 < V(z—1)2+ (y+4)2 <6,
ly+4] < V(z -1+ (y+4)? <4,
le+1] <|z—1]+2<d+2,

ly| <|ly+4|+4<0+4.

Then
2%y +4] < (64+2)(0+4)04+6 = (0% + 65 +9)d < 160 < e.
Therefore
lim iy = —4.
(xvy)*)(l’le)

Claim: ’Sltnt - 1‘ < |t|, forallteR—{0}.

Proof of Claim: Let f(t) =sint —t+t2, t € [0, +0o0).
f'(t) =cost —1+2t, f'(0)=0,

and
f’(t) = —sint+2 > 0.

So f'(t) > 0 in (0,400) and hence f(x) > 0 on [0, +0o0) due to f(0) = 0.
Therefore, t — t? < sint, t € (0, +00).
Similarly, let g(t) = sint —t — t2, t € [0, +0o0).

g (t) =cost—1-2t, ¢'(0)=0,

and
g"'(t) = —sint —2 < 0.



So ¢'(t) < 0 in (0, +00) and hence g(x) < 0 on [0, +00) due to g(0) = 0.
Therefore, sint <t +t2, t € (0, 400).

t—t2 <sint <t+12 te (0,+00),

<3 t
—tg%—lgt, t € (0, +00),

and hence
sint

t—l’qt\ t € R—{0}.

For any € > 0, 3 § = min{ g3, 1} such that if

I(z,y) = (=2.3) = V(z +2)2 + (y = 3)2 < 6,

sin(9z + 2y°)
9z + 2y

- 1‘ < |9z + 24|

=19(x +2)+2(y — 3)2 +12(y — 3)|
<9z 42| +2ly — 31> + 12|y — 3|

< 96 + 20% + 126

= 6(20 +21)

< 236

<e.

Here we used the fact that

lz+2 < V(z+2)2+ (y—3)2 <4,

ly—3] < V(x (y—3)2<s.

Therefore
, sin(9z + 2y?)
lim Rt

=1.
(zy)—(-2,3) 91 + 212

2. Solution:

(a) If we take the limits through the path z =0,

0+ 2 1

hmg(O ) —51550+3y 3

While taking the limits through the path y = 0 leads to

lim g(z,0) = I 340 i 1 . +oo, = — 0T,
im im = lim —
.Z’—)Og T =0 224 + 0 z—0 22 —o0, x—07.
Therefore, lim  g(x,y) does not exist.

(2,5)—(0,0)



(b) If we take the limits through the path x = y® — 32,
5 ,2)2

: 5 .2 _.(y—y)y_, 6 _ 9,3y _ 1.
ilgg)h(y y,y)—;glg)iyg)_y“yg—?}%(lw 2y°) = 1;

While taking the limits through the path z = 2y° — y? leads to

5 ,2)2
: 5 oo o v -y)y o1 6 o3y 1
Z}gr[l)h@y y7y)—;gr5—2y5_y2+y2—§%(2+2y 2y) = 5.
Therefore, lim  g(x,y) does not exist.
(#,9)—=(0,0)

Remark: However, we have

lim h(z,y) =0.
(z,y)—(07F,0) (#.9)

We will show it by e — § definition: For any € > 0, 3 § = /¢ > 0 such that if

2> 0, (y) ~ 0,0 = V@RGP <
2 2
2%y _0‘< 2%y
T+ y? T
= |zy|
< |z - |yl
< ¢
<e

Here we used the fact that
lz] < V(@)% + (y)? <4,

lyl <V (2)? + (y)? < 0.
Therefore

lim h(z,y) =0.
(z,y)—(01,0) (z.9)

3. Solution: For each (z,y) € U, we have

322+ 5y% > 7.
def 2 2
Set A(z,y) = 3z +5y* — 7> 0.
For any (s,t) € By((x,y)), we have

Vis—a) +(t—y?<r

ls—z|<r, |[t—y|<r,

|s + x| <|s— x|+ |2z] <7+ 2|z,

it +y| <[t -yl +[2y] <7+ 2yl



Moreover,

352 + 512 — 7T =3(s* —2®) +5(t* —y*) + 322 + 5y — 7
=3(s+a)(s—2) +5(t+y)(t —y) + Az, y)

=3ls+a|-[s—z| =5t +yl- |t —yl+ Alz,y)

=3(r + 2|z|)r — 5(r + 2|y|)r + A(z, y)

= —8r? — (6]x| + 10Jy|)r + A(z,y)

>
>

Notice that
—8r? — (6]z| + 10|y|)r + A(x,y) > 0

provided

re |0,

VBl +5ly])? +8A,y) — (3l2] + 5\yr>> |
8

Therefore, for each (z,y) € U, the ball B,((z,y)) C U provided

e (0 VB[ +5ly)* + 84z, y) — (3] + 5ly)
’ 8

) , with A(z,y) = 322 +5y° — 7.

. Solution: Given a linear normed space (X, || - ||), define p: X x X — R by
p(xvy) = ||:C - y”a Vx,y € X.

It is easy to check that p is a metric. In fact, p satisfies

(1) pla,y) = |z —yll > 0 if & # y and p(z,7) = |z — 2] = 0.

(2) p(z,y) = llz —yll = [[(=)(y — )| = [ = Uly — =[]l = p(y, ).

B) plz,y) + oy, 2) =z =yl +lly = 2l = lz —y +y — 2l = [l — 2]l = p(x, 2).
Moreover, p satisfies

(i) plaz,ay) = |lax — ay|| = |alllx — y[| = |alp(z,y), Ya € F (homogeneity)

(i) p(z+z,y+2) = |lz+z—(y+2)| = |lx—y| = p(z,y), V2 € X (translation invariance)
Conversely, if a metric p on a vector space X satisfies the properties

(i) plaz,ay) = lalp(z,y), Ya € F (homogeneity)

(ii) p(x+2z,y+ z) = p(x,y), Vz € X (translation invariance)
then we could define a norm on X by

|zl = p(2,0), VzeX.

we will prove that || - || is a norm. In fact,

(1) ||z|| = p(x,0) > 0 for all z € X, and the equality holds if and only if = = 0.
(2) |lax| = p(ax,0) = |a|p(x,0) = |a|||z| for all z € X, a € F.

(3) llz +yll = plx +y,0) < p(z +y,y) + p(y,0) = p(z,0) + p(y,0) = ||z|| + [[y|| for all
z,y € X.



5. Solution: Let X be a non-empty set. Define p: X x X — R by
,O(xgy) =1, ifz 7& Y;

p(z,y) =0, ifz =y.

It is easy to check that p is a metric. In fact, p satisfies

(1) p(x,y) =1>0if z #y and p(z,z) = 0.
(2) p(z.y) = ply, ).
(3) For any z,y,z € X,
« If z,y, z are all distinct, then p(z,y) + p(y,2) =1+ 1> 1 = p(x, 2);
x If exactly two of x,y, z are the same, then p(x,y) + p(y,2) > 1+0=1> p(x, 2);
« If x =y = z, then we have p(z,y) + p(y,2) =0+ 0 =0 = p(z, 2).
In all, p(x,y) + p(y, z) > p(x, z) for all z,y,z € X.

If a sequence {an}nen in (X, p) is convergent, then there exists N € N such that for

Ve € (0,1), we have
plan, am) < €, whenever n,m > N.

Since € < 1, by the definition of the metric p, we have
ap = Qm, VYn,m > N.

Hence there exists | € X such that a, = [ for all n > N. Moreover, | € X, so (X, p) is
complete.



